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Abstract
We consider a two-planet system, which migrates under the influ-
ence of dissipative forces that mimic the effects of gas-driven (Type
II) migration. It has been shown that, in the planar case, migration
leads to resonant capture after an evolution that forces the system
to follow families of periodic orbits. Starting with planets that differ
slightly from a coplanar configuration, capture can, also, occur and,
additionally, excitation of planetary inclinations has been observed in
some cases. We show that excitation of inclinations occurs, when the
planar families of periodic orbits, which are followed during the initial
stages of planetary migration, become vertically unstable. At these
points, vertical critical orbits may give rise to generating stable fami-
lies of 3D periodic orbits, which drive the evolution of the migrating
planets to non-coplanar motion. We have computed and present here
the vertical critical orbits of the 2/1 and 3/1 resonances, for various
values of the planetary mass ratio. Moreover, we determine the limit-
ing values of eccentricity for which the “inclination resonance” occurs.
keywords inclination excitation, type II migration, periodic orbits, vertical
stability, planetary systems.
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1 Introduction
In the last fifteen years, many studies have been devoted to planetary radial
migration, induced by the interaction with the gaseous protoplanetary disk
(commonly referred to as “Type II” migration, when the planetary masses are
of the order of the Jovian mass). A common conclusion is that such migration
leads with high probability to resonant capture and this may explain why
many planets in extrasolar systems are found to be locked in resonance, see
e.g. (Haghighipour 1999; Lee and Peale 2002; Nelson and Papaloizou 2002;
Kley 2003; Papaloizou 2003).
Planet migration is a complex process that cannot be viewed indepen-
dently from the planet formation process. Some models suggest that capture
in resonance can occur during the phase of ”Type I” (fast) migration, while
the planets are still small in mass (embryos), (see e.g. Correa-Otto et al.
2013). However, planets that are nearly fully formed and have large masses
can also be captured in resonance, during the subsequent phase of slow (Type
II) migration, as has been seen in many simulations. For example, such a
process (capture of Jupiter and Saturn in a 3/2 or 2/1 resonance) has been
shown in simulations to produce the necessary initial set-up for the ”Nice
model” of solar system evolution (see Morbidelli and Crida 2007).
The dynamics of a two-planet system under a ’slow’ dissipation have been
studied in various approximations. In the secular approximation, Michtchenko
and Rodr´ıguez (2011) have shown that the two-planet system evolves along
the corresponding stationary solutions of the secular equations, owing to
the exchange of angular momentum between the planets and the external
medium (disc); the angular momentum deficit (AMD) is an adiabatic invari-
ant of the system. Similarly, near a resonance, a new action, J , conjugate to
the resonant angle σ can be defined as an adiabatic invariant. The use of adi-
abatic invariance in problems of tidal migration and resonance crossing in the
restricted three-body problem was pioneered by (Henrard 1982; Henrard and
Lemaitre 1983) and generalized to the case of two massive satellites by Peale
1986. As also shown in (Morbidelli et al. 2009) for the case of a two-planet
system, when the critical curve of the resonance is crossed, J suffers a very
small jump and approximately is preserved, inside the resonance domain; the
former action (e.g. the AMD) is no longer preserved. The system evolves
along the resonant stationary solutions, moving from one energy level to the
other, while the amplitude of oscillations around the equilibrium is nearly
preserved. Note that each resonance is defined by a different critical argu-
ment and therefore, a different action that will serve as the new invariant,
if several resonances are crossed under the action of a dissipative force. At
each resonance crossing, the osculating elements suffer from instantaneous
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’jumps’ that are roughly independent of the crossing speed and can be large
or small, depending on the geometry of the critical curve in phase space.
During resonant capture and as converging migration still proceeds, the
eccentricities of the planets increase as a consequence of the preservation
of an adiabatic invariant mentioned above. Presenting the evolution of the
system in the eccentricities plane, we can obtain particular migration paths,
that depend on the planetary mass ratio. These paths follow closely the
stationary stable solutions of the averaged planetary three-body problem (as
shown in Ferraz-Mello et al. 2003; Lee 2004; Beauge´ et al. 2006). Seen from
a different point of view, these stationary solutions correspond to resonant,
stable, periodic orbits of the general three body problem in a rotating frame.
Therefore, the long-term evolution paths followed by a migrating two-planet
system are described by families of stable periodic orbits (Hadjidemetriou
and Voyatzis 2010, 2011).
All the above mentioned studies assume coplanar planetary motion. In-
troducing a non-zero mutual inclination in a system, one could claim that the
former stability of the system is not affected, since the average distance of the
planets increases. However, this is not generally true and a small inclination
may destabilize a planetary system, as in (Ferraz-Mello et al. 2005). Regular
evolution of inclined systems is expected in phase space islands around 3D
stable families of periodic orbits (Antoniadou and Voyatzis 2013). Thommes
and Lissauer (2003) showed that 3D stable configurations can be obtained
after migration and resonant capture in the 2/1 resonance, starting from a
two-planet system of nearly (but not exactly) coplanar orbits. In that work,
it was observed that, when the system reached particular high-enough values
of the eccentricity, an excitation of the mutual inclination took place; thus,
the system reached a so-called “inclination resonance”. As long as the system
remains nearly planar, it follows closely a path that is determined by the pla-
nar stationary solutions (which can be asymmetric). Numerical simulations
(Lee and Thommes 2009) showed that sudden “jumps” to nearby paths, with
the outer planet typically being more eccentric than the inner one, can occur,
leading to inclination excitation under particular circumstances. These paths
can be identified as families of asymmetric periodic orbits (see e.g. Voyatzis
et al. 2009). Considering reasonable values of the migration and eccentricity
damping rates Libert and Tsiganis (2009) showed that capture to other res-
onances (e.g. 3/1, 4/1 and 5/1) can also lead to inclination excitation, when
eccentricity damping is not very strong.
In this study, we show an intrinsic property of the three body problem
dynamics that causes the inclination excitation and determine the particular
regions in phase space, where it takes place. In particular, we show that
vertical instability of periodic orbits along which a planetary system migrates,
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can excite the system away from its planar motion. Such a vertical instability
occurs at vertical critical orbits (or briefly, vco) where families of 3D periodic
orbits bifurcate. In the next section, we present a brief description of our
model and its periodic orbits and discuss the notion of vertical instability. In
Sect. 3, we compute and present the vertical stability property for the family
of circular periodic orbits and for the 2/1 and 3/1 resonances. In Sect. 4,
we perform numerical simulations of a migrating two-planet system, which
evolves along the circular family and then, is captured to either the 2/1 or
the 3/1 resonance. We show that, for reasonable values of the migration
rate, such two-planet systems can naturally reach non-zero values of mutual
inclination, provided that the eccentricity damping rate is not very strong.
Finally, we conclude and discuss the orbital features that such an inclined
system should possess, if produced by differential migration.
2 Periodic orbits and vertical instability
We consider a two-planet system and study its dynamics in the general three
body problem, consisting of a star, S, with mass m0, and two planets, P1
and P2 with masses mi  m0, i = 1, 2. Indices 0, 1 and 2 will always
indicate quantities of the star, the inner and the outer planet, respectively.
By introducing a rotating frame of reference Gxyz, which rotates around
the constant angular momentum vector and contains always the bodies S
and P1 in the plane Gxz, the position of the system is determined by the
four variables (x1, x2, y2, z2) (see Michalodimitrakis 1979; Antoniadou and
Voyatzis 2013). Thus, we obtain a four degrees of freedom Lagrangian
L = L(q, q˙), q = {x1, x2, y2, z2}, (1)
and particularly,
L =
1
2
(m0+m1)[a(x˙
2
1+z˙
2
1+x
2
1θ˙
2)+b[(x˙22+y˙
2
2+z˙
2
2)+θ˙
2(x22+y
2
2)+2θ˙(x2y˙2−x˙2y2)]]−V,
where m = m0+m1+m2, a = m1/m0, b = m2/m, V = −m0m1r01 −m0m2r02 −m1m2r12
is the potential with rij indicating the distance between the bodies i and j.
The angle θ, between the rotating and the inertial frame, is a cyclic variable,
while variables z1, z˙1 and θ˙ depend on the variables q (Antoniadou and
Voyatzis 2013).
For the system (1) we can define periodic solutions of period T , Q(T ) =
Q(0), where Q = {q, q˙}. By studying the evolution on a Poincare´ map,
defined e.g. by the surface of section y2 = 0 with y˙2 > 0, the set of initial
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conditions of periodic orbits
Q(0) = {x10, x20, y20 = 0, z20, x˙10, x˙20, y˙20, z˙20}
forms characteristic curves (or families of periodic orbits) in the phase space
of the Poincare´ map, due to mono-parametric continuation. Linear stability
analysis of a periodic orbit is based on the position of the four pairs of
conjugate eigenvalues of the monodromy matrix (Skokos 2001).
Planar periodic orbits can be computed in the context of the planar model
(z2 = z˙2 = 0) and their linear stability is characterized as horizontal stability.
The property of vertical stability of planar periodic orbits has been in-
troduced by He´non (1973) for the restricted problem and generalized for the
general problem by Michalodimitrakis (1979) and Ichtiaroglou et al. (1978).
Let us consider a planar solution Q¯(t), which corresponds to the initial
conditions Q¯(0) with z2(0) = z˙2(0) = 0. We expand the equation of motion
for z2, as it is derived by the Lagrangian (1), around the planar solution
assuming a small vertical deviation in the initial conditions δz2(0) = ζ(0)
and δz˙2(0) = η(0). Then, to first order in terms of the vertical components,
the evolution of the deviations is given by the equations
ζ˙ = η, η˙ = A(Q¯(t))ζ +B(Q¯(t))η. (2)
If Q¯(t) is a periodic solution of period T , then (2) is a linear system with
periodic coefficients and solution of the form(
ζ(t)
η(t)
)
=
(
ζ1(t) ζ2(t)
η1(t) η2(t)
)(
ζ(0)
η(0)
)
(3)
where (ζ1, η1)
> and (ζ2, η2)> forms the fundamental matrix of solutions ∆(t)
corresponding to the initial deviations (1, 0)> and (0, 1)> (Ichtiaroglou et al.
1978). The evolution of solutions (3) depends on the eigenvalues of the
monodromy matrix
∆(T ) =
(
ζ1(T ) ζ2(T )
η1(T ) η2(T )
)
=
(
a b
c d
)
,
or on the vertical stability index
av =
1
2
(a+ d). (4)
In particular, if |av| < 1, the eigenvalues are complex conjugate with modu-
lus 1 and the vertical motion is stable (bounded). If |av| > 1 the eigenval-
ues are real, leading to unbounded solutions (vertically unstable). Periodic
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Figure 1: a The variation of stability index along the 2/1 resonant family
of planar periodic orbits for ρ = 0.5 (family is parametrized by e1). The
vco is located at e1 = 0.6 (e2 = 0.27). The indicated orbit-1 (e1 = 0.5,
e2 = 0.21) and all orbits on the left of vco are vertically stable (vs); orbit-2
(e1 = 0.65, e2 = 0.3) and all orbits on the right of vco are vertically unstable
(vu). The red coloured section corresponds to horizontally unstable orbits b
The evolution of planetary inclinations of the planar orbit-1 that is initially
perturbed vertically by ∆i(0) = 5◦. c The same for orbit-2 initially perturbed
by ∆i(0) = 0.1◦.
orbits with |av| = 1 are vertical critical orbits (vco) and, in general, consti-
tute critical planar orbits from which families of 3D periodic orbits bifurcate
(Ichtiaroglou and Michalodimitrakis 1980; Antoniadou and Voyatzis 2013).
In general, av varies along a family of planar periodic orbits and we may
obtain none, one or more vco along the family. In Fig. 1a, we present the vari-
ation of av along a part of the 2/1 resonant symmetric family (see also Fig.
4a) for mass ratio ρ = m2/m1 = 0.5 and configuration (θ1,∆$) = (0, 0),
where θ1 = λ1 − 2λ2 + $1 is a resonant angle and ∆$ = $2 − $1 is the
relative longitude of the periapse. Here, the family is parametrized by the
eccentricity e1. We obtain one vco at (e
∗
1, e
∗
2)=(0.6, 0.27). Orbits with e1 < e
∗
1
or e1 > e
∗
1 are vertically stable or unstable, respectively. By choosing initial
conditions of a vertically stable orbit, e.g. a planar periodic orbit of the family
at (e1, e2)=(0.5, 0.21), and by adding a small initial vertical deviation corre-
6
(a) (b)
Figure 2: Poincare´ map projections in the plane (z2, z˙2) of a vertically stable
orbits (orbit-1) starting with a vertical deviation from plane given by the
values ∆i(0) b two vertically unstable orbits starting with the same initial
planar conditions (orbit-2) and with a very small initial vertical deviation
∆i(0)=0.1◦. The two orbits have been chosen so that they follow the unstable
manifolds of both directions.
sponding to a mutual planetary inclination ∆i(0) = 5◦ (and ∆Ω = 180◦) we
obtain regular, small-amplitude oscillations of the planetary inclinations (Fig.
1b). Instead, if we consider the initial conditions of the planar periodic orbit
(e1, e2)=(0.65, 0.3) and add a very small vertical deviation (∆i(0) = 0.1
◦),
we obtain an excitation of the planetary inclinations, which now oscillate ir-
regularly with relatively large amplitude. Also, we depict the above samples
of trajectory evolution in the projection plane (z2, z˙2) of the Poincare´ map
(Fig. 2). In the case of vertical stability (left panel), we see that, even for
large initial vertical deviations (up to 15◦ of mutual inclination), the evolu-
tion is regular, showing vertical oscillations around the planar periodic orbit.
In the case of vertical instability, a saddle-like picture is obtained, showing
relatively large vertical deviations from the plane z = 0.
3 Vertical critical orbits in planetary dynam-
ics
In this section, we compute and present vco in three cases, particularly for
circular planetary orbits, 2/1 and 3/1 resonant orbits. The planar families of
these orbits and their horizontal stability have been given in previous works,
7
(a) (b)
Figure 3: a A presentation of the circular family segments CI and CII (solid
lines) for m1 = 0.001 and m2 = 0.002. Horizontal axis indicates the mean
motion ratio and the vertical axis the x1 variable of the rotating frame,
normalized s.t. a1 = 1. Blue and red colour indicate stable and unstable
orbits, respectively. Dashed curves indicate the resonant elliptic families b
The vertical stability index av along the circular family. A magnification
near the 3/1 resonance is included.
as it is mentioned for each case in the following.
3.1 The circular family
The circular family of periodic orbits of the restricted problem can be contin-
ued with respect to the mass in the general problem (Hadjidemetriou 2006;
Voyatzis et al. 2009) without structural changes, for small planetary masses.
The mean motion ratio n1/n2 varies along the circular family, which shows
gaps at the 1st order resonances (n+ 1)/n, n ∈ Z. For n1/n2 & 2/1 we have
the family segment CI (see Fig. 3a), which consists of stable orbits except
for a small section at the 3/1 resonance, where the circular orbits become
unstable. At the 2/1 resonance the family continues smoothly to the elliptic
2/1 resonant family S
2/1
I . For n1/n2 . 2/1 the family segment CII exists,
which continues smoothly to the elliptic resonant families S
2/1
II and S
3/2
II (to
the right and to the left, respectively). A small horizontally unstable section
of CII appears close to the 5/3 resonance.
The variation of the vertical stability index, av, along the circular family
is shown in Fig. 3b. At the segment CI we obtain that av < −1 in a small
segment near the 3/1 resonance. Thus, both the vco’s (av = −1) and the
vertically unstable orbits are horizontally unstable. A similar situation holds
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for CII at the 5/3 resonance.
Similar results with those presented in Fig. 3 have been obtained for
various mass ratios and for values of the planetary masses up to 5 MJ , where
MJ is the Jovian mass.
3.2 The 2/1 resonance
As mentioned above, from the circular family we obtain the resonant families
S
2/1
I and S
2/1
II of symmetric periodic orbits. The family S
2/1
II is horizontally
unstable and terminates at a collision orbit. Thus, we examine only fam-
ily S
2/1
I for various values of the mass ratio ρ = m2/m1, as depicted in
Fig. 4a, in the projection plane of eccentricities. The properties of these
families are described in Beauge´ et al. (2006), Voyatzis and Hadjidemetriou
(2005) and Voyatzis et al. (2009). The families start from the circular family,
(e1, e2) ≈ (0, 0) as stable, but for ρ . 1 they turn into horizontally unsta-
ble at particular eccentricity values. Hence, we obtain an unstable segment
which terminates at higher eccentricities and the orbits become stable again.
At the points where the stability changes, families of asymmetric periodic
orbits bifurcate. For 0.37 . ρ . 1, we obtain the family A2/1a , which forms a
bridge connecting the two bifurcation points of the family S
2/1
I . For ρ < 0.37,
a bifurcation occurs and we obtain the asymmetric families A
2/1
d and A
2/1
b .
We have computed and present here (also in Fig. 4a) the vertical critical
orbits and the family segments that are vertically unstable. In family S
2/1
I
there exist horizontally stable vco’s for e1 > 0.5 and ρ > 0.12. In family A
2/1
a ,
we obtain a bifurcation of vco at the critical mass ratio value ρ∗ ≈ 0.43. Thus,
for ρ > ρ∗ no vco exists on the asymmetric family, which is always vertically
stable. For ρ < ρ∗ two vco’s exist in A2/1a , which form a family section of
vertically unstable orbits between them. These vco’s seem to continue also
in family A
2/1
b . In family A
2/1
d , we have found one vco located at a low (resp.
high) eccentricity value for the inner (resp. outer) planet.
3.3 The 3/1 resonance
It has been shown that four 3/1 resonant families of periodic orbits bi-
furcate from the circular family S
3/1
I (Voyatzis and Hadjidemetriou 2006;
Michtchenko et al. 2006; Voyatzis 2008). From these families, only family S4
starts from the circular family as stable for all values of the mass ratio ρ.
Its characteristic curves in the eccentricities plane are shown in Fig. 4b, for
some typical values of ρ. For any value of ρ, the family becomes horizontally
unstable at a particular eccentricity value, which depends on ρ. At these
9
(a) (b)
Figure 4: Families of a 2/1 and b 3/1 resonant periodic orbits. Blue and red
colour indicate horizontal stability and instability, respectively. The circles
indicate vco and the sections of magenta colour consist of vertically unstable
orbits. For each curve the corresponding mass ratio ρ = m2/m1 is indicated.
points bifurcation of the asymmetric family A
3/1
4 occurs, consisting of stable
orbits (at least in the eccentricities domain of Fig. 4b).
The vco’s in the above mentioned families and the vertically unstable
parts are also indicated in Fig. 4b. We can see that symmetric vco’s are all
horizontally unstable up to ρ ≈ 6.5 1 and located at e1 & 0.6. Family A3/14
has, also, one vco at a given point in (e1, e2); as ρ increases, e1 also increases,
while e2 decreases.
4 Vertical instability during planetary migra-
tion
As we mentioned in the introduction, planetary migration, caused by planet-
disc interactions, will force a nearly circular, planar two-planet system to
evolve in phase space along the stable families of periodic orbits. Lee and
Thommes (2009) showed that this, also, holds for systems starting with
slightly inclined orbits, but an inclination resonance may occur at some point.
In this section, we wish to study the time evolution of a nearly (but not
1For ρ & 6.5, the vco enters the stable segment of S3/14 .
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exactly) coplanar system of two planets, under the effects of radial (pre-
sumably, gas-driven) migration. To do this, we consider the planetary three-
body problem, but impose a Stokes-type dissipative force on the outer planet
that mimics the effects of Type II migration (Beauge´ and Ferraz-Mello 1993;
Beauge´ et al. 2006) of the form
Fd = −C(υp − αυc) (5)
where υp is the planar velocity component of the planet and υc is the circular
velocity at the particular distance of the star. The positive constants C
and α are associated in a first order approximation with the migration rate
in semi-major axis, ν, and the eccentricity damping, K, according to the
formulae (Beauge´ and Ferraz-Mello 1993; Beauge´ et al. 2006)
ν = 2C(1− α), K = α
2(1− α) .
We performed a series of numerical simulations, with star mass m0 = 1M,
starting with almost circular and co-planar orbits, i.e. e1(0) = e2(0) = 0.01,
i1(0) = i2(0) = 0.1
◦, and ∆Ω = 180◦. The inner planet is always set to
a1(0) = 5 AU. We examine two cases for the initial position of the outer
planet (i) 2/1 < n1/n2 < 3/1 (interior to the 3/1 resonance) and (ii) n1/n2 >
3/1 (exterior to the 3/1 resonance). Also, following Libert and Tsiganis
(2009), where the formula concerning the order of migration rate given by
Ward (1997) is used, we consider parameter values in the intervals 10−7 ≤
ν ≤ 10−5 (y−1) and 0.5 ≤ K ≤ 100. However, the typical dynamics presented
in the following is revealed for small values of migration rates, particularly
for about ν . 10−6y−1, and for sufficiently small eccentricity damping K, in
order for the system to reach the necessary eccentricity values.
Since we always start with orbits close to the circular family CI , the
dissipative forces cause a slow slide of the system along the family CI (i.e.
the planetary orbits remain nearly circular) and towards lower mean motion
ratio values (inward migration). When we start below the 3/1 resonance,
the system enters the family S
2/1
I and is captured in the 2/1 resonance.
Starting above the 3/1 resonance, we approach the 3/1 resonance where the
CI becomes horizontally unstable and contains also vertical critical points.
However, the system slides into the S
3/1
4 resonant family, which is the only
stable one, and 3/1 resonant capture occurs. During the migration of the
system along the family CI , for both cases, we have vertical stability and
therefore, the orbits remain almost planar. We note that, apart from 2/1
and 3/1, capture to other resonances has not been observed in our set of
simulations.
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Figure 5: Evolution of orbital elements under the influence of the dissipative
force (5) with ν = 4.2 10−6y−1, K = 1 and planetary masses m1 = 1 MJ ,
m2 = 2 MJ . Blue and red colour lines refer to the inner (P1) and the outer
planet (P2), respectively. a semimajor axes b the mean motion ratio c ec-
centricities d inclinations and mutual inclination, ∆i e the apsidal difference
∆$ f the resonant angle φ1 (similar evolution is observed for φ2)
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Figure 6: The evolution shown in Fig. 5 is now presented in the space
e1 − e2 − ∆i. When the system is captured in the resonance 2/1 (approxi-
mately at zero), it evolves along the path indicated by the family S
2/1
I . The
eccentricities increase, while the inclinations remain at low values. When the
vco is reached the inclinations start to increase and the system follows the
family F 2/1 of 3D periodic orbits.
13
4.1 2/1 resonance capture
After 2/1 resonant capture occurs, the system follows the family S
2/1
I . If
the system has mass ratio ρ > 1, it does not leave the symmetric family
and reaches the corresponding vco, located at e1 > 0.5. A typical example
of such an evolution is shown in Fig. 5 for ρ = 2, ν = 4.2 10−6y−1 and
K = 1. Resonant capture takes place at t ≈ 40Ky, with the eccentricities
remaining low up to that time. After getting captured, the eccentricities
of the planets start increasing, but the orbits still remain planar. At t ≈
360Ky, the inclination resonance is reached and the planetary orbits become
mutually inclined. At the inclination resonance, we have e1 = 0.63 and
e2 = 0.26; these values correspond to the position of the vco of the family
S
2/1
I . As the inclination starts to increase the particular resonant angles
ϕi=2λ1 − 4λ2 + 2Ωi (i = 1, 2) librate around 180◦ indicating, beside the
libration of ∆$ around 0◦ the symmetric configuration of the system.
It is clear from Fig. 5 that the system evolves in a way similar to that
discussed in the Introduction. When the critical mean motion ratio 2/1 is
reached along the circular family (at t ≈ 40 Ky), a gap is met and the
system turns from the family of circular periodic orbits to the 2/1-resonant
family of eccentric periodic orbits (see Sect. 3.1). The AMD is no longer
a proper invariant; the resonant action (conjugate to the resonant angle)
is the invariant that will be approximately preserved inside this particular
resonance domain. When the critical curve of the 2/1-inclination resonance is
reached (i.e. the vco) a similar pattern is observed due to the bifurcation of the
3D family of periodic orbits. The new action (conjugate to the critical angle
of the 2/1-inclination resonance) will be now preserved; for t > 400 Ky, the
inclinations increase as migration goes on. The only appreciable difference
between the two resonance crossings that the system suffers is in the initial
’jump’ in osculating elements. We mention that in the planar problem the
passage from the circular family to the elliptic resonant family is quite smooth
(due to the formed gap, see Fig. 3), but in the passage from the planar to the
3D family we have a bifurcation point at the vco that causes an abrupt change
in the inclination. Also, one can see in Fig. 2b, that the area enclosed by
the ’separatrix’ is much wider than before this bifurcation occurs (where no
separatrix exists), and thus the change in osculating inclination upon the vco
crossing has to be large, if the system has initially nearly zero inclinations.
If we present the evolution in the space e1 − e2 − ∆i (see Fig. 6), we
observe that the inclination starts to increase, when the vco is reached and
the family becomes, thereafter, vertically unstable. In particular, we observe
that the evolution follows the family F 2/1 of 3D orbits, which bifurcates from
the vco. As seen from the nearly vertical intersection between the planar and
14
3D families, crossing of the vco implies that small variations in eccentricity
will be accompanied by large variations in inclination.
For 0.43 < ρ < 1, the evolution follows the asymmetric branch A
2/1
a ,
when S
2/1
I becomes horizontally unstable (see Fig. 4a). Since A
2/1
a ends
again at the stable part of S
2/1
I , the evolving system meets again the vco of
the symmetric family at e1 > 0.5. The excitation of inclination occurs again,
when the vco is reached.
We remind the reader that for mass ratios ρ < ρ∗, where ρ∗ = 0.43,
vertical critical orbits exist along the family A
2/1
a . Thus, the inward migration
for 0.37 < ρ < ρ∗ may lead to the vco of this family, which is located at a
relatively low eccentricity value, e1 (. 0.2). For ρ < 0.37, the system follows
the asymmetric family A
2/1
d , which has, also, a vco for e1 < 0.2, but for
relatively large eccentricity of the outer planet (namely, e2 > 0.4).
The different migration paths, associated with different mass ratios as
was discussed above, are presented in Fig. 7a. In all cases the system enters
the inclination resonance, when the vco is reached. The different loci of the
“inclination resonance” for ρ < ρ∗ and ρ > ρ∗ are clearly distinguished. In
Fig. 8 (panels a, b), we present the evolution of resonant angles ∆$ and
ϕ1 for ρ = 0.4 < ρ
∗ and ρ = 0.5 > ρ∗. After the capture in the resonance
∆$ librates and when the system enters the inclination resonance ϕ1 also
librates. In the first case (panel a), we finally obtain an asymmetric libration
for both resonant angles. In the second case (panel b), after a passage from
asymmetric librations for ∆$ (along the family A
2/1
a ), both angles, ∆$ and
ϕ1 librate around 0
◦ and 180◦, respectively. So the bifurcation at ρ = ρ∗
explains the result of Lee and Thommes (2009) that at ρ ≈ 0.4 the inclination
resonance changes from asymmetric to symmetric.
The above types of evolution have been always verified by our simula-
tions for ν . 10−6 y−1 and for small eccentricity damping (K ≈ 1) that
permits the sufficient increase of the eccentricities. For larger values of ν,
particularly for ν = 10−5 y−1, we obtained capture in the 2/1 resonant and
in most cases temporal inclination resonance followed by large oscillation of
the eccentricities, which in a relatively short time interval destabilizes the
system and the evolution becomes strongly irregular. We observed that it is
possible even for ρ < ρ∗ the evolution to overcome the asymmetric vco and
then either the inclination resonance appears when the system reaches the
next vco located in the symmetric family or the system jumps in an other
family of periodic orbits. Such complicated phenomena, which are possible
for reasonable values of the migration rate, have been noticed and discussed
in Lee and Thommes (2009).
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(a) (b)
Figure 7: The evolution after a 2/1 and b 3/1 resonant capture presented in
the space e1 − e2 −∆i. Four different cases are presented, which correspond
to the indicated planetary mass ratio values. It is ν = 4.2 10−7 y−1 and
K = 1 (except for ρ = 0.3 where K = 0.5 in 2/1 resonant capture and for
ρ = 0.5 where K = 0.5 in 3/1 resonant capture). The increase of mutual
inclination occurs, when the system reaches a vco.
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(a) 2/1, ρ = 0.4 (b) 2/1, ρ = 0.5
(c) 3/1, ρ = 1.0 (d) 3/1, ρ = 10.0
Figure 8: The evolution of the resonant angles ∆$ and ϕ1, for the indi-
cated resonance and mass ratio ρ = m2/m1 and for ν = 10
−6 y−1, K = 1.
After the capture in the resonance ∆$ librates and after the inclination res-
onance ϕ1 also librates. Librations take place around 0
◦ or 180◦ (symmetric
configuration) or around a different value (asymmetric configuration).
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4.2 3/1 resonance capture
In the 3/1 resonance, the system migrates along the family S
3/1
4 . When this
family becomes horizontally unstable, the system follows the asymmetric
family A
3/1
4 , which starts both as horizontally and vertically stable (see Fig.
4b). As we have mentioned, along family A
3/1
4 a vco exists, for any mass
ratio value. There the family becomes vertically unstable and the inclination
resonance occurs. Fig. 7b shows the evolution in the space e1 − e2 −∆i for
different values of ρ. An increase of the mutual inclination occurring when
the vco is reached is clearly seen in all cases. Also, in Fig. 8 (panels c,d), we
present the evolution of resonant angles ∆$ and ϕ1=λ1 − 3λ2 + 2Ω1. For
m1 = m2 (panel c) ∆$ librates around 180
◦ after the 3/1 resonance capture
in family S
3/1
4 and then its librations become asymmetric (bifurcation to the
family A
3/1
4 ). Angle ϕ1 starts to librate around 290
◦, when the system reaches
the vco. The inclination resonance becomes symmetric for ρ = 10 2, as it
is shown in panel (d), where ϕ1 librates around 0
◦ after 600 Ky, where the
inclination resonance takes place. However, after about 1.2 My the evolution
becomes quite irregular and the angles show rotations.
Differential migration with positive eccentricity damping generally seems
to reach an asymptotic limit at some point in the (e1, e2) plane (Lee and
Peale 2002; Kley 2003). This point depends on the values of the migration
rate, ν, and eccentricity damping rate, K. In the case of ρ = 0.5 shown in
Fig. 7b, we have K = 0.5 (in contrast to the remaining cases, where K = 1).
If for the same initial conditions we also used K = 1, then the system would
stall at (e1, e2) ≈ (0.15, 0.4) and therefore, the vco of this particular family
would not be reached and inclination excitation would not occur. The same
situation holds also in the 2/1 resonance (see Fig. 7a) for ρ = 0.3.
Our numerical simulations showed that the capture in the 3/1 resonance
requires quite slower migration rates compared to those for the 2/1 case and
depends significantly on the planetary mass ratio, ρ. Particularly, forK = 0.5
and ν = 10−6 y−1 or ν = 5×10−7 y−1 capture in the 3/1 resonance is observed
only for ρ . 0.8 or ρ . 0.5, respectively. When the system is captured in the
3/1 resonance, then the paths defined by the particular families of periodic
orbits are followed by the evolution and inclination resonance always occurs,
if the eccentricity damping is sufficiently small (K . 1) for the system to
reach the vco.
2Particularly we used m1 = 0.0005 and m2 = 0.005. We remind that for ρ & 6.5, the
vco belongs to the stable part of the family S
3/1
4
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5 Conclusions and discussion
Previous studies have shown that planet migration induced by tidal inter-
actions between Jovian-sized planets and the gaseous protoplanetary disc,
takes place along specific paths in phase space, formed by stable families of
periodic orbits. In this paper, we considered the spatial case of the three-
body problem, in order to describe possible effects of migration on the mutual
inclination of two-planet systems.
We computed the vertical stability index along families of planar peri-
odic orbits and determined the vertical critical orbits (vco). Orbits with
initial conditions in the neighbourhood of a horizontally and vertically stable
periodic orbit, evolve regularly, showing very small oscillations in the inclina-
tions. However, in the neighbourhood of vertically unstable periodic orbits,
the initially small mutual planetary inclination may increase to high values,
depending on the mass ratio, as well as the mean motion ratio of the two
planets.
We showed that the “inclination resonance”, which was observed in the
numerical simulations of Thommes and Lissauer (2003), Lee and Thommes
(2009) and Libert and Tsiganis (2009), should be associated with the ex-
istence of vco’s along the corresponding planar family of resonant periodic
orbits. In particular, when an initially almost planar system migrates along
a horizontally and vertically stable family of periodic orbits, the initial small
inclinations show oscillations of very small amplitude. When, a vco is reached
the inclinations start to increase rapidly. The position of a vco along a family
of periodic orbits depends on the planetary mass ratio, ρ.
We particularly studied the 2/1 and 3/1 resonant captures. The fam-
ilies of periodic orbits for these resonances (and various values of ρ) have
vco’s, which can give inclination excitation, when they are reached by differ-
ential migration. The distribution of these vco’s in the eccentricities plane
is different for these two resonances and is presented in Fig. 9. For the 2/1
resonance, we obtain two distinct regions of vco’s, R1 and R2. In region R1,
the eccentricity of the outer planet is larger than the inner one. This region
can be reached by a migrating system with mass ratio ρ < 0.43. For larger
mass ratios, the system reaches the region R2, where the orbit of the inner
planet is quite more eccentric than the orbit of the outer one.
In the 3/1 resonance, the vco’s seem to be located approximately on a
straight line in the plane of eccentricities. As ρ increases, e1 increases and
e2 decreases. This relationship can be expressed by a linear fit of the form
e2 = 0.69 − 0.73e1. For ρ . 6.5, the vco’s that drive migration belong to
the asymmetric families of periodic orbits, while for larger mass ratio values,
they belong to the symmetric families, S
3/1
4 .
19
(a) (b)
Figure 9: The position of vco related to inclination resonance after differential
migration. The corresponding planetary mass ratio, ρ, is indicated for each
vco a 2/1 resonance: two distinct regions of vco are obtained b 3/1 resonance:
the vco are located on a straight line in the plane of eccentricities (the least
square fitting is presented).
We note that a similar relation between the onset of inclination excitation
and the values of the planetary eccentricities was pointed out by Libert and
Tsiganis (2009), who suggested that, for inclination excitation to occur, at
least one of the two planets has to have an eccentricity larger than & 0.4.
Here, we further quantify this relationship. Moreover, we show that it is a
direct consequence of the distribution of vco’s in the eccentricities plane, for
different mass ratios. Our results offer a possible diagnostic tool for 2/1-
and 3/1-resonant systems: if the mass ratio and the eccentricities are known,
then, we can tell if the system had passed through a vco and thus, would
have a non-zero mutual inclination.
Differential migration generally seems to stall, reaching an asymptotic
limit in (e1, e2); beyond this point in time no further increase of the eccen-
tricities occurs. This limit and the time that the systems takes to reach it
depend on the migration parameters. In the 2/1 and 3/1 resonances stud-
ied in this paper, generally the vco’s appear for relatively high eccentricity
values of one of the two planets. Thus, a necessary condition for the incli-
nation resonance to occur is that the differential migration can be sustained
for long-enough times and is sufficiently ‘strong’, as to bring the system at
the vco position. As our numerical results suggest, this will be true for small
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values of the eccentricity damping rate, K. When fast eccentricity variations
along migration cause ‘jumps’ to other regions in phase space, whence cap-
ture to different families occurs, the presence of vertical instability in these
families should excite the inclinations.
In our model we considered a simplified model to describe the interaction
of the planets with the gaseous protoplanetary disc, which is better suited for
a planar model, rather than a 3D one. When the system becomes inclined,
the dissipative forces assumed here (5) do not adequately describe the av-
eraged planet-disc interactions. Thus, although we are confident about the
occurrence of vertical instability on the vco’s, we cannot safely conclude what
are the maximum values of mutual inclination that a particular system could
reach.
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